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Abstract. A VB-groupoid is a vector-bundle object in the category of Lie groupoids. In 

f^ ' this paper, we explain how VB-groupoids are the intrinsic geometric objects that correspond 

^vj , to 2-term representations up to homotopy of Lie groupoids. In particular, the tangent bundle 

. of a Lie groupoid is a VB-groupoid that corresponds to the adjoint representations up to 

f-^' homotopy. The value of this point of view is that the tangent bundle is canonical, whereas 

the adjoint representations up to homotopy depend on a choice of connection. 

In the process of describing the correspondence between VB-groupoids and representa- 
Qs , tions up to homotopy, we define a cochain complex that is canonically associated to any 

^v^ ' VB-groupoid. The cohomology of this complex is isomorphic to the groupoid cohomology 

with values in the corresponding representations up to homotopy. 

The classification of regular VB-groupoids leads to a new cohomological invariant asso- 
r^ , ciated to regular Lie groupoids. 

Q 

^ • 1. Introduction 

VS-groupoids were introduced by Pradines ,15j in relation to the theory of symplectic 
groupoids [3] and have played an important role in the study of double structures by Kirill 
'nI" ' Mackenzie and his collaborators [H [TUl [HI [HI [2] . A Vi3-groupoid can essentially be defined 

as a "vector-bundle object in the category of Lie groupoids" . Two well-studied examples are 
the tangent prolongation TG ^ TM and cotangent prolongation T*G ^ A*, where G ^ M 
\^ , is a Lie groupoid with Lie algebroid A. In fact, TG and T*G are, respectively, the standard 

Cn ' examples of £^-groupoid [9] and symplectic groupoid. 

r — I , VZ?-groupoids are also the objects that integrate VS-algebroids [2]. In [6], it was shown 

("^ ' that V;B-algebroids provide a good framework for studying the representation theory of Lie 

^D , algebroids. The goal of this paper is to describe the analogous relationship between VS- 

groupoids and the representation theory of Lie groupoids. 

The traditional notion of Lie groupoid representation is known to be too restrictive to ade- 
quately generalize that of Lie group representation. Specifically, whereas a Lie group possesses 
, . , at least one representation on any vector space (namely the trivial one) and has a canonical 

C^ ' adjoint representation, Lie groupoids often do not possess any representations on a given vector 

bundle and do not have well-defined adjoint representations. To remedy this situation, Arias 
Abad and Crainic [T] proposed the more general notion of representation up to homotopy for 
Lie groupoids. They were then able to define an "adjoint representation" (up to homotopy) of 
a Lie groupoid G ^ M with Lie algebroid A on the 2-term graded vector bundle ^[1] ® TM, 
with a differential given by the anchor map p : A ^ TM. However, their construction is 
noncanonical, requiring the choice of an Ehresmann connection on G. Different choices lead to 
isomorphic representations up to homotopy, so the canonical "adjoint representation" arising 
from their construction is actually an isomorphism class of representations up to homotopy. 
Alternatively, one can interpret their construction as providing a canonical functor from the 
category of Ehresmann connections on G to the category of representations up to homotopy of 
G. 
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Figure 1. Analogy between concepts in Lie groupoid representation theory 
and in linear algebra. 



We claim that V;B-groupoids provide a geometric model for 2-term representations up to 
homotopy for which the "adjoint" object is canonical on the nose. More precisely, given a VB- 
groupoid, one can produce a 2-term representation up to homotopy by choosing a horizontal 
lift, and different choices of horizontal lift lead to isomorphic representations up to homotopy. 
Conversely, given a 2-term representation up to homotopy, one can produce a V;B-groupoid 
equipped with a horizontal lift. 

In order to better understand the relationship between V^B-groupoids and representations up 
to homotopy, it may be helpful to consider the analogy with linear algebra in Figure [TJ Given 
a vector space equipped with an endomorphism, one can produce a matrix by making a choice 
of basis. Two different matrices obtained in this manner will be conjugate. Similarly, given a 
Vi3-groupoid, one can produce a 2-term representation up to homotopy by making a choice of 
horizontal lift. Two different representations up to homotopy obtained in this manner will be 
isomorphic. Following this analogy, we argue that VS-groupoids are the intrinsic, geometric 
objects of which 2-term representations up to homotopy are the algebraic manifestations. 

In the case of a tangent prolongation V;B-groupoid TG, a horizontal lift is equivalent to 
an Ehresmann connection on G, and the representations up to homotopy that arise from TG 
are exactly the adjoint representations up to homotopy described by Arias Abad and Crainic. 
Thus, we may think of TG as the "adjoint V^B-groupoid" associated to G. Note that the 
operation taking G to TG is a canonical functor from the category of Lie groupoids to the 
category of V;B-groupoids. 

Structure of the paper. 

• In Sj2l we recall Arias Abad and Crainic's notion of representation up to homotopy of 
a Lie groupoid |T]. 

• In [J31 we recall the definition and basic facts about Vi3-groupoids, including the defini- 
tion of horizontal lift. In ii3.31 we give formulas (depending on the choice of a horizontal 
lift) for the representations up to homotopy arising from a VB-groupoid. 

• In [|4j we review the construction of the dual of a VS-groupoid. 

• The heart of the paper is fJSj where we construct a canonical VB-groupoid complex asso- 
ciated to any V,B-groupoid. The resulting cohomology is a generalization of groupoid 
cohomology with values in a representation. A choice of horizontal lift allows us to 
produce a representation up to homotopy. In Appendix 13 we show that the represen- 
tations up to homotopy arising in this manner agree with the formulas given in §3.31 
In §5.31 "we study how the representation up to homotopy depends on the choice of 
horizontal lift. 

• In i]6l we prove (Corollarv l6.3|) that isomorphism classes of VS-groupoids are in one-to- 
one correspondence with isomorphism classes of 2-term representations up to homotopy. 
Then, in Theorem [6321 we classify VS-groupoids satisfying a regularity condition. Of 
course, in light of Theorem 16.21 this result may be interpreted as a classification of 
regular 2-term representations up to homotopy. 

• The classification result of Theorem 16.121 involves a cohomological invariant. This 
characteristic class is a "higher categorical" invariant, in the sense that it contains 
information about the "homotopy," rather than the "representation." In [JT] we give 
a geometric interpretation of this invariant in the case of the "adjoint" V;B-groupoid 
TG. Effectively, this characteristic class is an invariant of G itself. 
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• In iJHl we describe another perspective toward the construction of representations up to 
homotopy from Vi3-groupoids, via the fat category. In spirit, this point of view fohows 
the Evens-Lu-Weinstein [S] approach to the adjoint representation, in which canonical 
representations of the 1-jet prolongation groupoid were pulled back to G. 

Acknowledgements. We would like to thank the Department of Mathematics at Washington 
University in Saint Louis, as well as Eckhard Meinrenken, for funding visits during which this 
work was developed. We thank Jim Stasheff for providing useful comments on a draft of this 
paper. We also thank Kirill Mackenzie for interesting discussions related to this work. 

2. Groupoid representations and representations up to homotopy 

In this section, we review the cohomological point of view for Lie groupoid representations, 
from which the generalization to representations up to homotopy is straightforward. The 
material on representations and cohomology is standard and can be found in, e.g., [13]. The 
material on representations up to homotopy essentially follows that of [1]. 

The main concern of this paper is 2-term representations up to homotopy, and in § §2.7If278l 
we specialize to this case. 

We remark that, although we will be working in the smooth category, the general theory of 
representations up to homotopy and VB-groupoids goes through in the topological category. 
The key points where smoothness is used are to define the "adjoint representation" via the 
tangent bundle and to prove existence of decompositions in H3.2[ 

2.1. Lie groupoid representations. Let E — > M be a vector bundle. The frame groupoid 
Q{E) is the groupoid whose set of objects is M and whose morphisms are isomorphisms E^ —^ 
Ey for x,y G M. The frame groupoid is a Lie groupoid; we refer the reader to |13j for details. 

Let G =t M be a Lie groupoid. A representation of G is a vector bundle E —>■ M and a Lie 
groupoid morphism A : G — > G{E). 

Example 2.1. When M is a point, then G is a Lie group, _E is a vector space, and G{E) is the 
general linear group on E. Thus we recover the usual notion of Lie group representation. 

Example 2.2. When G = M x M is a pair groupoid, a representation of G on i<^ is equivalent to a 
trivialization of E. When G is the fundamental groupoid of a manifold M, then a representation 
of G on ii^ gives a notion of parallel transport along homotopy classes of paths (so it is equivalent 
to a flat connection). 

As we have noted in the introduction, the notion of Lie groupoid representation is too restric- 
tive. For example, if i? — > M is nontrivializable, then there do not exist any representations at 
all of the pair groupoid M x M on E. 

In the next sections, we will explain how the definition of Lie groupoid representation can be 
restated in cohomological terms. From this point of view, the generalization to representations 
up to homotopy is quite natural. 

2.2. Lie groupoid cohomology. Let G =^ M be a Lie groupoid with source and target maps 
s,t : G ^ M. Let G'"^ := M, and for p > let G^^^ be the manifold consisting of composable 
p-tuplets of elements of G. In other words, 

G(P) := G, X, . . . , X, G = {(gi, . . . , ffp) : s{g,) - t(.9,+i)}. 

The space of (R-valued) smooth groupoid p-cochains is C'''{G) := G°°(G'^''^). There is a 
coboundary operator 5 : CP{G) -^ CP^^{G) on the space of cochains, which for p = is given 

by 

m{9)^f{s{g))-f{t{g)) 
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for / e C°iG) = C°°{M) and g e G, and for p > given by 

p 
{Sf){9o, ■■■,9p) =f{9i, ■■.,gp) + ^(-1) V(5o, . . . ,gi-igt, . . . , gp) 

i=l 

+ (-ir+V(5o,...,3p-i) 

for / £ CP{G) and (5oi---i5p) G G^p+^^. The equatfon 5^ = is a consequence of the 
groupoid axioms. The cohomofogy of the complex {C'{G),S) is known as the smooth groupoid 
cohomology of G. 

There is a product Cp{G) x C^iG) -^ (7^+9 (G), (/i, /2) ^ fi^ h, given by 

(/l */2)(5l, • ■ • ,.9p+q) = /l(.gi, • • ■,9p)f2{9p+l, ■ • ■ ,gp+g) 

for /i e CP(G), /2 e C^iG), and p, g > 0. If p == 0, g > 0, then 

(2.1) (/i * /2)(gi, . . . ,5,) = fMgi))f2{gi, ■ . . ,3,), 
and ii q — 0, p > 0, then 

(2.2) (/i*/2)(5i,-.-,gp) = fi{9i,---,9p)f2{s{gp)). 
Ii p = q = 0, then 

(2.3) ./l*./2 = /l/2. 

The coboundary operator (5 is a graded derivation with respect to the product: 

'5(/l */2) = (<^/l) */2 + (-1)1^^1/1 *(<^/2). 

A cochain / € Gp{G) is called normalized if / vanishes whenever at least one of its arguments 
is a unit. In particular, every 0-cochain is normalized. The space of normalized cochains is 
closed under the coboundary operator S and under the product 7k-. 

2.3. Lie groupoid cohomology with values in a representation. Let G ^ Af be a Lie 

groupoid, and let i<^ ^- M be a vector bundle. The space of smooth groupoid p-cochains with 
values in E is CPiG;E) := T{{7rP)*E), where Trg : G^^) ^ M is the identity for p = and is 
given by tTq (51 , . . . , gp) — t{gi) for p > 0. In the language of simplicial structures, tTq is the map 
that takes a p-simplex to its 0th vertex. More concretely, if cj e Cp{G; E), then ui{gi, . . . ,gp) 
is an element of Et(^g-^y 

There is a right G(G)-module structure on G{G] E), given by 

{uj * /)(5i, . . . ,5p+g) = uj{gi, ..., gp)f{gp+i, ■■■, gp+q) 

for UJ G CP{G; E), f ^ C'^{G), and p,q > 0. When p or g is zero, the formula for wt^/ is similar 
to equations (p:T]) - ((01) . 

The space Gp{G;E), as the space of sections of a pullback bundle, can be identified with 
r{E) ®c°°(M) G{G), where the tensor structure is given by £0 (8) / = £ (0 * /) for £ G r(£'), 
(j) G C°°{M), and / S C{G). The following statement is an immediate consequence. 

Proposition 2.3. The m,ap e(E)fi-^e-kfisan isom,orphism, of right C{G)-modules from 
r(i?)®c~(M)G(G) toG{G-E). 

Proposition 12.31 implies that G{G] E) is generated as a right G(G)-module by r(£') = 
G^{G-E). 

Given a representation A of G on E, we can construct a degree 1 operator D on C{G\ E), 
whose action on 0-forms is given by 

{De){g) = Ag£,(g) - et(g) 
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for £ e r(£') and g & G, and for p > given by 

p 
{Duj){go, . . . , gp) =AggUj{gi, ...,gp)+ ^(-l)'a;(go, ■ • -^gt-igt, ■■■,gp) 

4=1 

for uj G CP{G;E). The operator D satisfies the equation D^ — and the folfowing graded 
Leibniz identity: 

(2.4) D{uj ^ /) - (Du) * / + (-l)l'^lw * {Sf). 

The cohomofogy of the complex {C{G; E), D) is known as the smooth groupoid cohomofogy of 
G with values in E. In this case where E is the trivial real line bundle over M with the trivial 
representation, then we recover the R- valued smooth groupoid cohomology. 

We define normalized ii^-valued cochains in the same way as with R-valued cochains. The 
space of normalized cochains is closed under the action of D, and a; * / is normalized if w G 
C{G; E) and / £ G{G) are both normalized. 

2.4. Lie groupoid representations revisited. In this section, we will proceed in the direc- 
tion opposite to that of i j2.3l that is, we will begin with an operator D and attempt to construct 
a representation A. 

Let G ^ M be a Lie groupoid, let E -^ M be a vector bundle, and let D be a continuous 
(with respect to the Frechet topology) degree 1 operator on G{G;E) satisfying (|2.4[) . For any 
g e G, we may obtain a linear map Ag : -Es(g) ~^ ^t(g) ■, given by 

(2-5) A<,£,(g) = (i?£)(g)+£t(g) 

for any e G r(_E). Using (|2.4|) . one can verify that 

D{e}){g) + (£/),(,) - (i^(e)(5) +et(s))/.(,) 

for any / G C^iM). This implies that ^I^ well-defines Ag. 

We may think of A : (7 i— >• Ag as a map from G to the frame category C{E) whose set of 
objects is M and whose morphisms are (not necessarily invertible) linear maps Ex — )■ Ey for 
x,y & M. The frame category is a Lie categorjo that contains the frame groupoid as a smooth 
subcategory. In fact, the frame groupoid is an open subset of the frame category, consisting of 
all invertible elements. The map A : G ^ C{E) is smooth since D is continuous, but in general 
A will not respect composition. This point motivates the following notion of quasi-action [T]. 

Definition 2.4. A quasi-action of G on £' is a smooth map A : G ^ C{E) that respects source 
and target maps. 

Definition 2.5. A quasi-action A is called 

(1) unital if Ai^ = id for all x e M, 

(2) flat if Ag^Ag, = Ag^g, for all (31,32) e G(2). 

A fiat and unital quasi-action is the same thing as a representation. In particular, if both 
conditions in Definition 12.51 hold, then the image of A is inside the frame groupoid of E. 

Example 2.6. To illustrate the notion of quasi-action, we give an example where G = S^ x 
S^ =t S^ is the pair groupoid and E = TS^. Given {y,x) £ S^ x S"^, we define a map 
A(y 2;) : TxS^ — >■ TyS^ as follows. Equip S^ with the standard spherical metric, where the 
distance between two antipodal points is n. If x and y are antipodal, then Aiy^x) is the zero 
map. Otherwise, A(y^x} is given by parallel transport along the shortest geodesic from x to y, 
together with scalar multiplication by a factor of 1 — -d{x, y), where d is the distance function. 
The scaling factor ensures that the map A : {y,x) k-> A(y,x) is smooth at antipodal pairs. The 
quasi-action A is unital but not fiat. 



A Lie category is defined in the same way as a Lie groupoid, except without an inverse map. 
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We use this example to emphasize som.e points about quasi-actions: 

• The definition of quasi-action allows for the possibility of Ag being degenerate, as is the 
case for antipodal pairs in the above example. This point is crucial, since if we required 
every Ag to be nondegenerate (equivalently, if we required the image of A to be in the 
frame groupoid), then there would be no examples in the case where G — S'^ x S'^ and 
E = TS^ , since such an example would imply the existence of a trivialization of TS^ . 

• The above example illustrates the general fact (which we will see in Example I3.15P 
that unital quasi-actions always exist for arbitrary G and E. On the other hand, 
unital quasi-actions in general (and this example in particular) are not canonical. For 
example, we can obtain other unital quasi-actions of S'^ x S^ on TS'^ by replacing the 
above scaling factor by any smooth function f{y,x) on S^ x S^ that equals 1 when 
y = X and when x and y are antipodal, such as a bump function supported on a 
neighborhood of the diagonal submanifold {{x,x)}. 

So far, we have seen that, given a continuous degree 1 operator D on G{G; E) satisfying 
(12. 4p . we can obtain a quasi-action A defined by (|2.5p . The following lemma expresses in terms 
of D the conditions for A to be unital and flat. 

Lemma 2.7. Let D he a continuous degree 1 operator on G{G]E) satisfying \2A\ . and let A 
he the quasi-action given hy (j2.5p . Then 

(1) A is flat if and only if D^ — 0. 

(2) A is unital if and only if D preserves the space of normalized cochains. 

Proof. It follows from ()2.4p that D'^ is a C(G)-module endomorphism oi C{G]E). By Propo- 
sition [231 we then have that D^ vanishes if and only if it vanishes on all e £ ^{E). A direct 

computation shows (L'^e) (.91, 52) — (AgjAg2— Agjg2)£s(g2)' '^^ich vanishes for all (31,32) G G'-^^ 
and e £ r(£') if and only if A is fiat. 

For the second statement, we may again use (|2.4|) to conclude that D preserves the space 
of normalized cochains if and only if De is normalized for all e £ ^{E). The result follows by 
setting 3 = I2: in (|2.5p . D 

The following theorem ties together the results from this section and ii2.3l 

Theorem 2.8. There is a one-to-one correspondence hetween representations of G on E and 
continuous degree 1 operators D on C{G] E) satisfying (|2.4p . preserving the space of normalized 
cochains, and such that D^ =^ 0. 

2.5. Representations up to homotopy. Let £ — ^ Ei he a graded vector bundle over M. 
We consider C{G; £) to be a graded right G(G)-module with respect to the total grading: 



C{G;£)P = C^iGiEr). 



If one considers the notion of groupoid representation from the point of view of Theorem 
12. 8[ then there is a natural extension to the case of graded vector bundles, giving the following 
definition. 

Definition 2.9. A representation up to homotopy of G on a graded vector bundle f is a 
continuous degree 1 operator V on C{G\ £) satisfying (|2.4p . preserving the space of normalized 
cochains, and such that T)^ —Q. 

We remark that this definition of representation up to homotopy agrees with that of unital 
representation up to homotopy in [1] . 

There is a natural quotient map /i : C{G\ £) -^ r(f ) whose kernel is spanned by all C'^{G; Er) 
where q > 0. 
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Definition 2.10. A gauge transformation of C{G;£) is a degree-preserving C(G')-niodule 
automorphisni T of C{G; £), preserving the space of normalized cochains, such that fioT = fj,. 
Under a gauge transformation, a representation up to homotopy 2? transforms as 2?' = T oV o 
r~^. In this case, we say that D and 2?' are gauge-equivalent. 

Gauge-equivalent representations up to homotopy are isomorphic in the sense of [1] , but the 
notion of gauge-equivalence is slightly different from that of isomorphism. Specifically, the con- 
dition involving fi in Definition 12.101 serves the purpose of restricting attention to isomorphisms 
that "cover" the identity map on T{£). 

In the case where £ = E is concentrated in degree 0, a representation up to homotopy is the 
same thing as a representation, and there are no nontrivial gauge transformations. 

2.6. Transformation cochains. In this section, we describe another cohomological object 
that will be useful in our analysis of 2-term representations up to homotopy in §2.71 

Let G =t M be a Lie groupoid, and let E and C be vector bundles over M. We define the 
space oi transformation p-cochains from i<^ to C as C^{G;E -^ C) .— T (Hom ((7rP)*i?, {-K^yC)), 
where tt^ : G'^p^ — )► M is the identity for p = and is given by 77^(51, ... , gp) = s{gp) for p > 0. 
In other words, if w G Cp{G; E ^ C) and (gi, . . . ,5p) £ G^p\ then uj(^g^g^^ is a linear map 
from ^,(3^) ioCt(g^y 

We emphasize that Cp{G;E -^ C) is not the same thing as the space of p-cochains with 
values in Hom(£', C). 

Let w G CP{G- E -^ C), and let e e T{E) = C°{G; E). Define a p-cochain u){e) e Cp{G; C) 
by 

(2-6) w(e)(5i, . . . ,5p) = ^(si....,sp)(e5(sp)) e C't(si)- 

The following Lemma implies that the map e i-> cD(£) can be extended to a C(G')-module 
morphism S : C*{G] E) -> C'+p(G- C). 

Lemma 2.11. uj{e-kf) ^ Q{e) i^ f for all f eC°°(M) = C°{G). 

Proof. Since e is a 0-cochain, the action of / on e coincides with scalar multiplication: e-kf = fe. 
The result then follows from the linearity of W(g^ g j. D 

Proposition 2.12. The map uj t-^ uj is an isomorphism from CP{G\E — >■ C) to the space of 
C{G)-module morphisms from C'{G; E) to C'+p{G; C). 

Proof. Any C(G')-module morphism lj : C'{G; E) -^ C'^p{G; C) is completely determined by 
its restriction to T{E). By virtue of the property in Lemma [2.11[ uj{e){gi, . . . ,gp) only depends 
on (51, . . . , gp) and Sg/g y Therefore, we can recover a transformation cochain lo G Cp{E -^ C), 
given by (|2?51) . D 

Suppose that G is equipped with representations A^ and A'^ on E and C, respectively. 
Then we may define a differential on C{G; E —!■ G) hy 

p 
{Duj){go,...,gp) =A^^ ouj{gT^,. . . ,gp) +^{~iyuj{go,. . . ,g^-lg^,. . . ,gp) 
(2-7) i=i 

-f (-If +1^.(50,..., ffp-i)oAf^. 

Via the isomorphism of Proposition I2.12[ this differential is equivalently given by 

d[j^D^ oQ + (-If+iw o D^, 

where D'~^ and D^ are the differentials on G{G;C) and C{G;E), respectively, corresponding 
to the two representations. 
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2.7. Representations up to homotopy: 2-terni case. In this paper, we will be concerned 
primarily with representations up to homotopy on graded vector bundles that are concentrated 
in degrees and 1. In this case, we use the notation £ — E ® C[l], where E is the degree 
part and C is the degree 1 part. Then 

C{G; E ® C[l]y = 0^(0; E) © CP+\G] C). 

Any degree 1 operator V on C{G;E © ^[1]) decomposes as the sum of the following four 
homogeneous components: 

D^ : C'{G;C) -^ C'+\G;C), 
D^ -.G'iGiE) -^C'+\G;E), 

d:G'{G;C)^G'{G;E), 

h:G'{G;E) -^ C'+^{G;C). 

The Leibniz rule (12. 4p for 2? is equivalent to the requirements that 
{!) D^ and D^ satisfy dH]), and 
(2) d and fl are right C(G)-module morphisms. 

Requirement (1) allows us to define quasi-actions A*-^ and A^ on G and E, respectively, via 
the following graded versions of (|2.5p : 

(2.8) A^a = -(I?^a) (5) +«,(,) 

(2.9) Afe^{D^e){9)+et<^g) 

for a e r(C) and e G r(£'). The reason for the sign difference between (12. 8p and (|2.9p is that 
the Leibniz rule now incorporates the vector bundle grading. 

Requirement (2) above implies (via Proposition I2.12| ) that d corresponds to a linear map 
d e IIom(C, £') — G^{G]C — )► E), and that il corresponds to a transformation 2-cochain 
n^C^iG-^E^C). 

Next, we will express equation T>^ = and the property of preserving normalized cochains 
in terms of A'-^, A^, 9, and J7. 

The equation V^ —Q decomposes into the following equations: 

D^d + dD^ = 0, 

{D^f + 917 = 0, 
D^n + VLD'^ = 0. 
These equations respectively translate into the following equations: 

(2.10) Af^9-9A^^=0, 
(2-11) AlAl~Al^^+n,,,,,d^Q, 
(2-12) Af^Af^-Af^^^+aO,,,,,=0, 

\^-^'^) Ag^iig2,S3 ~ ^'•9192,93 + ^^91:9293 ~ ^^91:92^93 — 'J 

for (51,52,33) G G''^\ Equation (|2.10l) says that 51 acts by a chain morphism Ag^ on the 

2-term complex C —> E. Equations (|2.1ip - (|2.12p say that rig^^g^ provides a chain homotopy 
from Agj^Agj to Agjg2. Equation (j2.13p is a Bianchi-type identity. If A*^ and A^ were repre- 
sentations, then (|2.13p would mean that il is closed with respect to the differential given by 
(1^ . 
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The total operator 2? preserves normalized cochains if and only if all of the four components 
do. For d, the property is automatic. For the remaining three components, we obtain the 
following conditions: 

(2.14) A'^ and A^ are unital, 

(2.15) ft is normalized. 

The following theorem summarizes the results from this section: 

Theorem 2.13. There is a one-to-one correspondence between representations up to homotopy 
on a 2-term graded vector bundle E © C[l] and A-tuples (A , A , 9, VI), where 

• A*-^ and A^ are unital quasi-actions on C and E , respectively, 

• d : C ^- E is a linear map, and 

• fl is a normalized element of C^{G; E — > C), 
satisfying (|2J0)) - ((2J3t . 

2.8. Gauge transformations in the 2-term case. Let G =^ M be a Lie groupoid, and 
let E © C[l] be a 2-term graded vector bundle. Given a normalized transformation 1-cochain 
a G C^{G;E -^ C), we can construct a gauge-equivalence as follows. The associated operator 
a : C'{G; E) -^ C'+^{G] C) may be viewed as a degree operator on C{G; E © C[l]). Clearly, 
fj^ = 0, so the map 1 -|- ct is invertible with inverse 1 — a. One can easily see that 1 -I- ct is a 
gauge transformation. The converse is also true: 

Proposition 2.14. Every gauge transformation of C{G;E © C[l]) is of the form 1 + ct for 
some normalized a e C^[G\ E —^ C). 

Proof Let T : C{G; £:©C[1]) -^ C{G;E®G[1]) be a gauge transformation. Since T is a C{G)- 
module automorphism, it is completely determined by its action on the 0-cochain spaces T(E) 
and r(C). Since T is degree-preserving, it sends r(C) to T{C) and r(£;) to r(£;) © C^iG; G). 
The condition /.loT = n implies that the action of T on r(C) is the identity, and that T{e) — e 
is in ker/i (and therefore must be in G'^{G;C)) for e £ ^(E). Hence, the map T — 1 is a 
C(G')-module morphism taking G*{G; E) to G'^^{G; G) and can be identified via Proposition 
12.121 with a for some a G G^{G; E -^ G). Since T preserves the space of normalized cochains, 
so does (7, implying that a is normalized. D 

We will study how 2-term representations up to homotopy transform under gauge transfor- 
mations in ij5.3l 

3. VB-GROUPOIDS 

In this section, we review the various equivalent definitions of Vi3-groupoid, the construction 
of the core of a VS-groupoid, and the notion of horizontal lift. Most of the material in §ij3T]- 
13.21 can be found elsewhere (for example, |13J), but we hope that the reader will find our 
presentation valuable. In i i3.3l we present the formulas for the components of the representation 
up to homotopy arising from the choice of a horizontal lift. 

3.1. Definitions. Consider a commutative diagram of Lie groupoids and vector bundles as 
follows: 

(3.1) T^^G 

t s t 

E^M 

By this we mean that T ^ E is a Lie groupoid (with source, target, multiplication, identity, and 
inverse maps s, t, fh, 1, and T), G =^ Af is a Lie groupoid (with source, target, multiplication. 
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identity, and inverse maps s, t, m, 1, and i), F -^ G is a vector bundle (with projection map 
and zero section q and 0), i? — > M is a vector bundle (with projection map and zero section q 
and 0) and such that gs — sq and qt = tq. For the rest of this subsection we will always start 
with this data. 

Definition 3.1. A VB-groupoid is a commutative diagram of Lie groupoids and vector bundles 
like (|3.ip such that the following conditions hold: 

(1) (s, s) is a morphism of vector bundles. 

(2) (t, t) is a morphism of vector bundles. 

(3) (g, q) is a morphism of Lie groupoids. 

(4) Interchange law: 

ill + 73)(72 + 74) = 7l72 + 7374 
for any ■fj G F for which the equation makes sense; specifically, for any (71,72) G F^^^ 
(73,74) G r(2) such that g(7i) = 9(73) and 9(72) = 9(74). 



Example 3.2. Let G ^ M be any Lie groupoid and take F = TG, E = TM. Then ([3Jj) is 
a VS-groupoid where s" = Ts, t = Tt, fh — Tm, et cetera. This is the tangent prolongation 
V/B-groupoid which, as we will later see, plays the role of the "adjoint representation" of G. 

On the surface, our definition of VS-groupoid appears different from the usual ones (e.g. 
[9l[T3]). In what follows, we will show that the various definitions are equivalent. More precisely, 
we will see that the conditions in Definition 13.11 are equivalent to the requirement that F — > G 
be a "Lie-groupoid object in the category of vector bundles" or, equivalently, that T ^ E he 
a "vector-bundle object in the category of Lie groupoids" . 

First of all, we remark that the usual definition includes the following technical condition. 
Consider the manifold E XgG :— s*E = {(e,^) € E x G \ q{e) ~ s{g)} and the map 

p^:T^ EXsG^s*E 
(3.2) 

7 H> (5(7), 9(7)) 

The technical condition is that p^ is required to be a surjective submersion. However, Li- 
Bland and Severa showed in Appendix A of 7 that this condition follows from the rest of the 
definition. Specifically, if F is a commutative diagram of vector bundles and Lie algebroids 
like p.l|) and Condition 1 in Definition 13.11 is satisfied, then the map p^ is automatically a 
surjective submersion. 

Next, at the risk of being pendantic, we recall the notions of vector-bundle morphism and 
Lie-groupoid morphism: 

• A vector-bundle morphism between two vector bundles qi : Ei — > Ali, i = 1, 2, is a pair 
of smooth maps F : Ei ~> E2 and / : Afi — )• M2 such that q2oF = foqi and F respects 
addition on the fibers; it then follows from this that F respects scalar multiplication 
and that {F, f) respects the zero section. 

• A Lie-groupoid morphism between two Lie groupoids Gi =| Mi, z = 1,2, is a pair of 
smooth maps F : Gi — >■ G2 and / : Mi -^ M2 such that S20 F — / o si, t2oF = f oti, 
and F respects groupoid multiplication; it then follows from this that F respects taking 
inverses and that {F, f) respects the identity map. 

We now may explicity describe the conditions entailed by the terms "Lie-groupoid object in 
the category of vector bundles" and "vector-bundle object in the category of Lie groupoids" , 
as follows. 

Definition 3.3. A Lie-groupoid object in the category of vector bundles is a commutative 
diagram of Lie groupoids and vector bundles like p.l[) such that 

(1) {s, s) is a morphism of vector bundles. 

(2) (t, t) is a morphism of vector bundles. 
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(3) r*^^) — ^ G^^^ is a vector bundle with the natural structure. 

(4) (to, m) is a morphisni of vector bundles. 

Condition 3 is necessary to make sense of Condition 4: the domain of the multiplication 
maps (to, to.) is F^^^ — > G^^-*, which we require to be a vector bundle. Each fiber of F*^^'' — > G^^-* 
has a natural vector space structure thanks to Conditions 1 and 2, so only local trivializability 
is required to satisfy Condition 3. Note that the conditions of Definition 13.31 imply that the 
identity (1, 1) and inverse (T, l) maps are morphisms of vector bundles. 

Definition 3.4. A vector-bundle object in the category of Lie groupoids is a commutative 
diagram of Lie groupoids and vector bundles like p.ip such that 

(1) {q,q) is a morphism of Lie groupoids. 

(2) T qXqT ^ E qXq E is a. Lie groupoid with the natural structure. 

(3) The addition maps (+, +) are a morphism of Lie groupoids. 

Condition 2 is neccesary to make sense of Condition 3: the domain of the addition map 
(+,+) is TqXqT =t E qXq E, which we require to be a Lie groupoid. There is a natural 
groupoid structure onTqXqT^EqXqE thanks to Condition 1, and all the maps involved 
are smooth, so we only need to check that the source (or target) map is a submersion in order 
to satisfy Condition 2 (that is, to satisfy that the groupoid is actually a Lie groupoid). Note 
that the conditions of Definition 13.41 imply that the scalar multiplication maps and the zero 
sections are morphisms of Lie groupoids. 

Definitions I3.1[ 13.31 and 13.41 are equivalent per the next proposition. 



Proposition 3.5. Consider a commutative diagram of Lie groupoids and vector bundles like 
(|3.1|) . Then the following are equivalent: 

• T is a VB-groupoid, 

• T is a "Lie-groupoid object in the category of vector bundles " , 

• T is a "vector-bundle object in the category of Lie groupoids". 

Proof. In Lemma 13.141 below we will show that the property of p^ being a submersion implies 
that Condition 3 in Definition 13.31 and Condition 2 in Definition 13.41 are satisfied. 

Next, we notice that Conditions 3 and 4 in Definition 13.11 are equivalent to Condition 4 in 
Definition 13.31 and that Conditions 1, 2, and 4 in Definition 13.11 are equivalent to Condition 3 
in Definition 13.41 This is shown by writing down each condition as a commutative diagram. 
This completes the proof. D 

Finally, we note the following identities which are satisfied by V;B-groupoids: 

for all (51,52) G G^^^ and all x e M. We will use these identities without reference throughout 
the remainder of the paper. 

3.2. Cores and decompositions of a VZ?-groupoid. 

3.2.1. The right-core. Let F be a V;B-groupoid as in dnZD- Notice that s*E ^ E x^G ^ G 
is a vector bundle, and that p^ , as defined in (J3.21) . is a morphism of vector bundles which is 
the identity on the base manifold G. Since p is a surjective submersion, its kernel is a vector 
bundle. 

Definition 3.6. The kernel oip^, which we will denote V^ — > G, is the right-vertical subbundle 
of F — > G. Equivalently, for every g € G, the fiber VJ^ is the kernel of Sg : Fg — > -Es(g) . Elements 
in V^ are called right-vertical elements of F. 

Definition 3.7. The right-core of the Vfi-groupoid 1^^ is C" := r{V^), that is, the pullback 
oiV^ -)-G by the identity map 1 : Af -^ G. Thus, for each x G M, Gf = Vf C Fi^ . 
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We emphasize that that C^ — > M is a vector bundle, and that it can be canonically identified 
with the restriction of V^ to the units of G. 

For any (51,52) G G^"^', right-muhiphcation by Og^ produces a Hnear isomorphism from V?' 
to V?- , with inverse map given by right-multiphcation by -1. In particular, for any 5 € G, 
right-multiplication by 0^ produces a linear isomorphism from C^^ n to V?". Hence, we have a 
natural isomorphism of vector bundles over G between V^ and t*{G^) — C^ Xt G given by: 

j" : t*(C") = C^ XtG—^V" CT 

(3.3) J K ) 

{c,g) t~^ c-Og 

Now consider the following short exact sequence of vector bundles: 

(3.4) i*(c«)il^r^^s*^, 



G ^G ^G 

where p^ and j^ are defined by Equations (|3.2p and (13.31) respectively. We will refer to (|3.4p 
as the right-core s.e.s. of the VS-groupoid T. 

We recall that a section of (|3.4p is a morphism of vector bundles h : s*E -i- T such that 
h o p^ = id. Such a section produces a splitting, that is, an isomorphism of vector bundles 
T ^i- s*E G) t*{C^). In particular, for every g e G we get an isomorphism of vector spaces 

Tg ^ Gt(g) ® Es(g) , 

(3.5) 7 ^ h"",!") 

c-Og + hg{e) ^ (c, e) 

where hg{e) := h{e, g). Given a choice of such a splitting, the image of hg is a complement to the 
right- vertical subspace of Tg. We will refer to vectors in this subspace as right-horizontal. We 
emphasize that the right-vertical subbundle is canonical whereas the right-horizontal subbundle 
depends on a choice. However, when 5 is a unit, there is a canonical choice of complement: 

Ti^ ^C^® 1{E^) for aU x € M. 

We will restrict our attention to splittings whose restriction to the units coincides with the 
canonical splitting: 

Definition 3.8. A right-horizontal lift of the VS-groupoid p.ip is a section h : s*E — ;• F of 
its right-core s.e.s. such that 

(3.6) h{e, Ix) = le for all x € M and e € E^. 

A right- decomposition of the VS-groupoid p.ip is a splitting of its right-core s.e.s. which comes 
from a right-horizontal lift. 

Naturally, there is a one-to-one correspondence between right-decompositions and right- 
horizontal lifts of a VS-groupoid. A standard partition-of-unity argument shows that right- 
horizontal lifts always exist (albeit noncanonically). 

Example 3.9. For the tangent prolongation VS-groupoid TG, the right-core consists of vectors 
at units of G that are tangent to the s-fibers. Thus, in this case the right-core is the Lie 
algebroid A of G. The short exact sequence p.4p in this case is 

(3.7) t*{A)^TG^s*{TM), 

where the first map is given by right-translation and the second map is push- forward by s. A 
right-horizontal lift of TG is the same thing as an Ehresmann connection on G, in the sense of 
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3.2.2. The left-core. There are analogous notions of left-vertical bundle, left-core, left-decom- 
position, and left- horizontal lift, obtained by exchanging the roles of "source" and "target" 
in the corresponding "right-" concepts (as well as substituting "left-multiplication" for "right- 
multiplication" ) . Consider the map p'" defined by: 

p^ -.r ^t*E ^E XtG 

It is a surjective submersion and a morphism of vector bundles over G just like p^ is. The 
left-vertical subbundle of T, denoted by V'" -^ G is the core oi p^. Equivalently, for every 
g € G, the fiber V/' is the kernel of tg : Tg ^>- Efi^gy The left-core of the VS-groupoid F is 
the pull-back C^ -^ M oi V^ ->■ G hy the identity map 1 : M ^ G. Then V^ is naturally 
isomorphic to s*(G^) via 

/ : s*{C^) = C^ x,G — yV^ CT 

{c,g) ^ Og-c 

The left-core s.e.s. of the V/B-groupoid T is the following short exact sequence of vector bundles 
over G: 

(3.8) 




A left-horizontal lift of the VS-groupoid F is a section of this short exact sequence satisfying 
p.6|) . A left- decomposition is a splitting F —)■ s*{G^) ®g t*E corresponding to a left-horizontal 
lift. In particular, a left-decomposition produces an isomorphism 



Tg > C^i^g^ ®Et{g)- 



for every 5 G F. 



Example 3.10. For the tangent prolongation V;B-groupoid TG, the left-core consists of vectors 
at units of G that are tangent to the i-fibers, so in this case the left-core can also be interpreted 
as the Lie algebroid of G. The left-core and right-core for TG correspond to the two models 
for the Lie algebroid of G, defined via left- and right-invariant vector fields, respectively. 

3.2.3. Two cores, one heart. The left-core and the right-core of a V;B-groupoid F are different, 
but there is a canonical isomorphism between them. 

Proposition 3.11. The involution 

F : 7 eF ^ -7^1 eF 

restricts to a vector-bundle isomorphism between the right- core C^ — t- M and the left- core 
G^ — >■ M which is the identity on the base M. More specifically, the map 

(3.9) c G C^ H^ ~c-^=c^ 1^^-^ e G^ 
is an isomorphism with inverse 

(3.10) cgC^ K^ -c"^ =c-Tj(c) eC^. 

The formula for the inverse in (j3.9p can be proven by verifying directly that (lj^(c') — c) ■ c = 
1^(^-) , and similarly for the formula in p.lOp . We will abuse notation and use F to refer to the 
restriction of F to either G^ or C^. Later in the paper, we will use the map F to transform 
expressions involving one core into those involving the other. 

The following examples provide some explanation for the minus sign in the definition of F. 
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Example 3.12. A vector bundle is a particular case of a Lie groupoid. A VK-groupoid like p.l|) 
where T ^ E and G ^ M are vector bundles is the same thing as a double vector bundle (see, 
for instance US])- In this case, the left-core and the right-core are the same and they agree 
with the notion of core of a double vector bundle. The isomorphism F is the identity map. 

Example 3.13. Consider the tangent prolongation groupoid TG in the case where M is a point 
(so that G is a Lie group). In this case, the left-core and the right-core are both equal to the 
tangent space at the identity of G, and the isomorphism F is the identity map. 

There is a canonical one-to-one correspondence between left- and right-horizontal lifts (and 
hence between left- and right-decompositions). Explicitly, let /i : _B Xj G — )► F be a section of 
p.4p . We can associate a section h' : E x^ G ^ T oi p.Sp by 

Hence, whenever we choose, say, a right-decomposition for a VS-groupoid, we will automatically 
get an associated left-decomposition, right-horizontal lift, and left-horizontal lift. 

In the remainder of the paper, we will sometimes drop the "right-" prefix and refer to the 
right-core as simply "core", which we will denote by C. When we need to use both cores 
and emphasize their difference we will keep the original notation. We will do the same for 
right-decompositions, right-horizontal lifts, et cetera. 

3.2.4. Proof of technical conditions. We shall now prove the following lemma, which completes 
the proof of Proposition [331 

Lemma 3.14. Every VB-groupoid sastisfies Condition 3 in Definition \3.3\ and Condition 2 in 
Definition \3.4\ 

Proof. First, we choose a right-decomposition and its corresponding left-decomposition, so that 
we have isomosphisms F ^ s*{G^) © t*E and F ^ t*{G^) © s*E of vector bundles with base 
G. These isomorphisms allow us to decompose F*^^-' as 

F(2) ^ {^inc") ©G(.) (^?)*i?©G(^) {^inc% 

where ttq , tt^ , ttq : G^^^ -^ M are the three vertex maps given by ttq {gi , 32) = t{gi ) , ""i (51 7 52) — 
s{gi) — t{g2), and 7r|(5i,52) — s{g2)- This shows that F^^^ — ;> G*^^-' is a vector bundle, which is 
Condition 3 in Definition 13.31 

Next, we observe that Condition 2 in Definition 13. 4l reduces to checking that the source map 
of the groupoid F^x^F =^ E qXq E is a submersion. This source map can be written as the 
following composition: 

TqX^r > i^^X^GidX^F -^ EgXyirT > J^qXqE 

(71,72) 1-^ (s(7i),g(7i),72) 1-^ (s(7i),72) 1-^ (s(7i),s(72)) 
The first map in this composition is the fibered product of p^ and the identity, the second 
map is an isomorphism, the third map is the fibered product of the identity and q. Hence they 
are all submersions, and so is their composition. This completes the proof. D 

3.3. How to obtain a representation up to homotopy from a VS-groupoid. Let F be 

a VS-groupoid as in (13. ip . In this section, we give formulas and some geometric explanation 
for the components 9, A*^, A^, fi that correspond (via Theorem l2.13p to a representation up to 
homotopy of G on the 2-term graded vector bundle £'©G[1]. The formulas for the components 
(and hence the representation up to homotopy) depend on the choice of a (right-)horizontal 
lift h. 

Although it is possible to check conditions (|2.10p - (l2.15p directly, we will not do so. Instead, 
we will later see in ij5] that there is a canonically defined complex that, given a choice of 
horizontal lift, can be identified with G{G; E(BG[1]). In Appendix lA} we show that the formulas 
for d, A^ , A^, and fl can be derived by transferring the differential from the canonical complex 
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to C{G] E © C[l]) and decomposing into homogeneous components. From this point of view, 
we will be able to conclude by construction that (|2.10p - (|2.15|) hold. 

3.3.1. The core-anchor d. The core-anchor is a vector bundle morphism d : C ^ E, given by 

(3.11) dc = t{c) 

for c e C^ . The core-anchor is the only component of the representation up to homotopy that 
can be defined independently of the horizontal lift. The term "core-anchor" arises from the 
fact that, in the case F = TG^ the core is the Fie algebroid A of G, the side bundle is TM , and 
d ~ p : A ^ TM is the anchor map. 

3.3.2. The core quasi-action. The core quasi-action A is given by 

(3.12) A^c = /ig(I(c))-c-Og-i 

for c £ C'j^ ■). This may be interpreted as a sort of conjugation action, in the sense that hg{t{c)) 

is the unique horizontal element of T g by which c can be left- multiplied, and Og-i is the unique 
horizontal element of F^-i by which c can be right-multiplied. In particular, if c is in ker9, 
then Ar'c = Og -c-Og-i . It is clear from this formula that A*-^ induces a canonical representation 
of G on ker d. 

In the case F = TG, the right-core C^ corresponds to the "right-invariant vector field" model 
of the Fie algebroid A of G. In this model, an element a e ^s(g) is a vector in Ti G that is 
tangent to the s-fiber. Right-translation is well-defined for such vectors, but left-translation is 
not well-defined unless a S ker p. Equation (|3.12|) expresses the fact that left-translation by g 
can be noncanonically defined by choosing a "horizontal" subspace of TgG that is transverse to 
the s-fiber. In this case, we recover the well-known fact that G has a canonical representation 
on ker p. 

3.3.3. The side quasi-action. The side quasi-action A^ is given by 

(3.13) Afe = i'(/i,(e)) 

for e e -£'s(g) ■ Geometrically, p.l3|) simply says that e is horizontally lifted to T g and then 
projected back to E via t. If h' is another horizontal lift, then h' Je) = hg{e) + c ■ Og for some 
c G C^^gy Then t{h'g{e)) = t{hg{e)) +t{c) = A^e + dc. Thus, although A^ depends on the 
choice of /i, it induces a canonical representation on coker9. 

In the case F = TG, we have E = TM, where the action of g G G on a vector v G Tg(^g-^M is 
given by horizontally lifting w to a vector in TgG and then projecting by Tt. In this case, we 
recover the well-known fact that G has a canonical representation on coker p. 

3.3.4. 51. The 2-cochain Vt measures the failure of the horizontal lift h to be multiplicative. 
The precise formula is 

, , ^91,326 = (V92(e) - hgMhgAf^))) ■ hgA^)) • 0(S1S2)-1 

= {hgig2{e) - hgii^a2^) ■ hg^ie)) ■0(g,g2)-^ 

for (51,52) G G'^^^ and e G Eg(^g^y We will say more about the geometric meaning of fl in the 
case F = TG in gll 

3.4. More examples of VS-groupoids. The main example of VS-groupoid is the tangent 
prolongation TG, which has already been mentioned many times. In this section, we describe 
three other examples. 
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Example 3.15. Let G ^ Af be a Lie groupoid and let E — s- M be a vector bundle. Then, as a 
vector bundle, let F ^> G be defined as T := t*E © s*E; that is 

r = {(61,5,62) : 61 G Et(g), 62 e £'s(g)} • 

Then F is the total space for a V;B-groupoid like (|3.ip . with source, target, and multiplication 
maps given by 

5(61,3,62) = 62, 

i(6i,g, 62) = 61, 

(61,31,62) • (62,52,63) = (61,5152,63). 

In this case, C = E and d is the identity. There is a one-to-one correspondence between 
horizontal lifts h and unital quasi-actions A on E given by 

hg{e)^{Ag{e),g,e). 

Given a horizontal lift, the resulting representation up to homotopy has side and core quasi- 
actions both equal to A, with ft being the "curvature" of A, given by 

^(91,92)6 = Agig.e- Ag,Ag,e. 

For the purposes of representation theory, we argue that this example plays the role of the 
"trivial" representation of G on E, since it contains no additional information beyond the Lie 
groupoid G ^ M and the vector bundle E ^ M. 

Example 3.16. Let G ^ M be a Lie groupoid, let E -^ M be a vector bundle, and let A be a 
representation of G on E. Let F := G * £' =^ -E be the action groupoid for this representation. 
That is, 

F = s*£;={(5,e):eeE,(g)}, 
and the source, target, and multiplication maps are given by 

5(5,6) = 6, 

%, 6) = Ag6, 

(51,^326) -(52,6) = (5152,6). 



Then F is the total space of a V;B-groupoid like p.l|) . In this case, the core G is trivial, and 
there is a unique horizontal lift. In the resulting representation up to homotopy, the core 
quasi-action and the operators d and Vl are trivial, and the side quasi-action is exactly the 
representation A. 

Conversely, let F be a VS-groupoid like (|3.1I) with trivial core. Then the map p^ defined in 
p.2|) is a bijection, giving a canonical identification of F with an action groupoid G*E. Hence, 
there is a one-to-one correspondence between Lie groupoid representations and VB-groupoids 
with trivial core. In this manner, we may view the category of Lie groupoid representations as 
a full subcategory of the category of V;B-groupoids. 

Example 3.17. Let G ^ M be a Lie groupoid, let G ^> M be a vector bundle, and let A be a 
representation of G on G. Let F ;= G x G =^ A/ be the semidirect product. That is, 

F-t*G={(c,5):cGG,(g)}, 

and the source, target, and multiplication maps are given by 

s{c,g) = s{g), 

t{c,g) ^t{g), 

(ci,5i) • (62,52) = (ci + Agi 62,5152). 
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Then F is the total space of a Vf^-groupoid hke (|3.1|) . where E = M. As in Example 13.161 
there is a unique horizontal lift, and in this case the only nontrivial component of the resulting 
representation up to homotopy is the core quasi-action, which equals A. 

Similarly to Example 13. 16[ any VS-groupoid with trivial side bundle is canonically a semidi- 
rect product C xi G for some representation A. This gives a second way to view the category 
of Lie groupoid representations as a full subcategory of the category of V^B-groupoids. 



4. Dual of a VS-groupoid 

In this section, we recall the construction of the dual of a VB-groupoid [13l [15] . None of the 
results in this section are new, but we include them for completeness since the dual construction 
plays a significant role in the definition of the canonical VZ?-groupoid complex in iJS] 



4.1. The source and target of the dual. Consider a Vi3-groupoid F like in p.ip . Let 
F* — > G be the dual vector bundle to F — > G. The VS-groupoid dual to (|3.1I) is of the form 




(4.1) 



where G is the core of F. 

We describe below the structure maps for the Lie groupoid F* =t G*. The reader who is 
familiar with the duals of a double vector bundle may find similarities in this construction. 

First of all, in order to write specific formulas, we need to choose a model for the core. In 
the remainder, we will take the core G to mean the right-core G^. We will maintain C^ for 
the left-core where necessary. The source and target s, £ : F* ^ G* of the dual are defined as 
follows. 

Let C e F* and let y := t{g). Then t(^) e G* is given by 



(4.2) 



(t(O|c):=(C|c.0g) 



for c dz Cy. Here and in the following, ( | ) denotes the pairing of a vector space and its dual. 
Let C G r* and let x -.^ s{g). Then s(^) G G* is given by 



(4.3) 



im I c) 



-(C|Og-c-i) 



for c £ Cx- The origin of these equations may be explained as follows. Consider (|3.4p . the 
left-core s.e.s. of F. The target map i is defined such that the dual short exact sequence 



(4.4) 






W- 



i-t*{C*) 



G- 



-^G- 



G 



is the right-core s.e.s of F*. This means that {j^)* is given by 

C^(i'(0,9(e))eG*x,G 



for ^ G F*, and equation (14. 2p for the target map t follows. 

Similarly, equation ()4.3p is defined such that the left-core s.e.s of F* is dual to the right-core 
s.e.s (|3.8|) of F. However, since p.8|) is expressed in terms of G^, it needs to be precomposed 
with s*F, where F is the canonical isomorphism between G^ and G defined in p.9|) . so that 
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it may be rewritten in terms of the (right)-core C. After precomposing with s*F, the left-core 
s.e.s. of r becomes 

s*c — ^ _ r — > t*E 

(4.5) (eg) ^ Og.(-c-i) 

Equation (|4.3p arises from the identification of the dual sequence with the right-core s.e.s. of 

t*{E*) -^ V* ^ s*{C*) 

4.2. The multiplication in the dual. Defining the source and target maps using short 
exact sequences guarantees that they will be surjective submersions. Next, we will describe the 
multiphcation map m : (r*)(^) — > F*. 

Let (^1,^2) G (r*)(^\ where ^i e F*.. Under the assumption that s(^i) = ^(■^2), the product 
Ci ■ 6 e r;^^^ is given by 

(4.7) (Ci • 6 I 71 • 72) = (6 I 71) + (6 I 72) 

for 7i £ Fg. . We note that every element of Fg^g^ can be expressed in the form 71 -72, albeit 
not in a unique way. 

Lemma 4.1. Assume the notation introduced in the previous paragraph. Let 71, 7^ G F^^ and 
72,72 G Tg^ such that 71 • 72 = 7i ■ 72- Then 

(a 1 71) + (6 1 72) = (a 1 71) + (6 1 72)- 

In other words, the operation defined by Equation (|4.7p is well-defined. 
Proof. Let /3i :— 7^' — "fi- The statement to be proven may then be written as 

(4.8) (Ci I /3i) + (6 I P2) - 0. 
Notice that 

m) = til'l) - till) = thi ■ 72) - ^(71 • 72) = Ot(g,). 

Hence we can write /3i = O^j^ • ci for some ci S C^, s. Similarly, s(/32) = Os(g2) ^'^'^ ^^ '^^^ 

write /32 = C2 • Og^ for some C2 G Cj^^^-, = "^icffi)- 
Next, we observe that 

71 • 72 = 71 ■ 72 = (71 + /^i) • (72 + 132) = 71 ■ 72 + ;3i ■ ;32, 
where we have used the interchange law in the last step. It follows that /3i • /32 = Ogig2i which 
implies that ci ■ C2 = Oi , , = In , >, so that c7^ = C2. 
Finally, we compute: 

(a I A) = -(6 1 Og, • c^i) - -(s(a) I qi) = -(t(6) I C2), 

(6l/32) = (6|c2-0g,) = (i(6)|c2), 

which proves (14. 8p . as required. D 

Proposition 4.2. T/ie source, target, and multiplication maps defined by (j4.3p . (14. 2p . and 
(|4.7p (^iue F* ^ C* a Lie groupoid structure. 



Proof. Associativity is clear from the definition of multiplication in (|4.7p . 

The identity map 1 : C* — )► F* is defined as follows. Let i^ G C* for some x € M. Then 
ii/ G F^^ is given by 

(ii^ I 7) — {^ I 7-i?(7)) 

for7eFi^. 
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The inverse map is defined as follows. Let ^ G F*. Then ^^^ ^ T* i is given by 

(rM7):--(el7-') 

for 7 G r^-i. 

We leave the verification of the axioms involving the identity and inverse maps as an exercise 
for the reader. D 

Once we have established that F* =| C* is a Lie groupoid, it follows that (j4.ip is a VB- 
groupoid, since the conditions in Definition 13.11 are immediate from (14. 2p , (|4.3p , and (14.71) . 

Example 4.3. The dual of the tangent prolongation VS-groupoid TG of a Lie groupoid G :=i M 
is the cotangent prolongation V^B-groupoid T*G =^ A* of 3 . It seems reasonable to think of 
the V;B-groupoid T*G as playing the role of the "coadjoint representation" of G. 

Example 4.4. The dual of the "trivial" VB-groupoid associated to a Lie groupoid G ^ M and 
a vector bundle E —^ M (see Example I3.15|) is the trivial V;B-groupoid associated to G ^ M 
and E* -> M. 

Exam,ple 4.5. An action V;B-groupoid as in Example l3.16l corresponding to a representation of 
G on E, dualizes to a semidirect product VS-groupoid as in Example 13.171 corresponding to 
the dual representation of G on. E* . Thus, the dualization functor interchanges the two subcat- 
egories of V;B-groupoids that can be identified with the category of groupoid representations. 

5. VS-GROUPOIDS AND REPRESENTATIONS UP TO HOMOTOPY 

In this section, we introduce the canonical VB-groupoid complex, and we show that a choice 
of horizontal lift induces a decomposition of the VS-groupoid complex into a 2-term representa- 
tion up to homotopy. We show that different choices of horizontal lift lead to gauge-equivalent 
representations up to homotopy. In this sense, we can think of 2-terni representations up to 
homotopy as simply being manifestations of the canonical VS-groupoid complex. 

5.1. Vi3-groupoid cohomology. Consider a VS-groupoid F as in p.ip with dual V;B-groupoid 
F* as in ()4.1|) . Let (C*(F*), 6) be the complex of smooth groupoid cochains associated to the 
Lie groupoid F* =^ C*, where C is the core of F. There is a natural subcomplex Ciin(F*), 
whose p-cochains are functions of (F*)*^^^ that are linear over G^^-'. We call (C'*j^(F*), 5) the 
complex of linear cochains for the dual VB-groupoid F*. 

Definition 5.1. A linear p-cochain Lp S C'|^n(F*) is called left-projectable if 

(5.1) ^(03,6,.-.,^P-i)=0 
and 

(5.2) ^(0<,-ei,...,?p)=¥'(a,.-.,Cp) 
for aU (fi, . . . , fp) e (F*)(P) and g e G such that i{^i) = Os(g). 

The condition (j5.1|) implies that 1^9(^1, • ■ • ,Cp) only depends on ^1 and q{^i) ior 2 < i < p. 



The condition (|5.2p is a left-invariance condition for the dependence on ^1. When p — 0, both 
conditions are vacuous, so the space of left-projectable 0-cochains is G°^{r*) — F(G). The 
space of left-projectable 1-cochains consists of sections X of F that project via s" to a section 
oi E (see Proposition 15.51 below) . 

It follows directly from the definition of the coboundary operator S that the left-projectable 
cochains form a subcomplex of Giin(F*). This fact allows us to make the following definition. 

Definition 5.2. The VB-groupoid complex of F is {Cl^{T),8), where G{^g(F) C Gg„(F*) is 
the space of left-projectable p-cochains. The VB-groupoid cohomology of F is the cohomology 
of the VS-groupoid complex. 
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Following our premise that the notion of Vi3-groupoids in the appropriate generalization of 
that of Lie groupoid representation, we view VS-groupoid cohomology as the corresponding 
generalization of Lie groupoid cohomology with values in a representation. In particular, for 
the VS-groupoids of Examples 13.161 and 13.171 that correspond to genuine representations, the 
V;B-groupoid complex can be canonically identified with the complex of representation- valued 
cochains. For the V;B-groupoids of Example 13.151 that play the role of trivial representations, 
the V;B-groupoid complex is acyclic. 

In ij5.21 we will see that a choice of decomposition allows us to identify Cve(r) with C{G\ E® 
C[l]), and that under this identification the operator 5 corresponds to a representation up to 
homotopy of G on the 2-term graded vector bundle E © C[l\. For now, we state the following 
lemma, which says that CvB(r), like C{G;E © ^[1]), is a right C(G)-module for which the 
coboundary operator satisfies the graded Leibiz rule. 

Lemma 5.3. Let ip e Gll^{T*) be left-projectable, and let f e C'^{G) he viewed as a fiherwise- 
constant element of C^ (T*) . Then 

(1) 9? * / is left-projectable, and 

(2) S{^*f) = {S^)*f + {-ir^*{5f). 

The proof is immediate from the definitions. 

5.2. VB-groupoid cohomology and decompositions. Let F be a VS-groupoid as in p.ip . 
and let ip G Cyg(F) be a VS-groupoid cochain. We define an associated map (p : G^^^ -> F, 
where (p(g^^....g^) G Fg^, by the equation 

(5-3) (6 I <?(3i,...,gp)) = V3(Cl,6,---,?p) 

for any (^1,^2, • ■ • , Cp) G (F*)^^) where q{S,i) — gi- Equation (|5.ip implies that ^ is well-defined 
and that ^p is completely determined by (p. The following lemma examines the implications of 
(El. 



Lemma 5.4. Let p G Cyg(F), and let (p he defined as ahove. Then s{ip(^g-^g^g )) ~ 
s(^(itte).92,...,9p)) for all (51, . . . , <7p) G G^p'> . 

Proof. Expressed in terms of (p, equation (j5.2p says that 

(5-4) (630 • C I <?(soSl,92,...,Sp)) = (^ I ^(31,32. ..,Sp)) 

for all {go,...,gp) G G^^+i) and ^ G F*^ such that f{^) = O^g^y Pick any 7 G Fg^ such 
that t{'-f) = t{'f(gogi.gi,--:gp))- Then, since (Og | 7) = 0, the left side of (|5.4p is equal to 
(Og • f I 7 • 7-1 • ^(so9i,92,...,9p)) = (C I 7~^ • <?(gosi,92,...,sp)): ^hcre we have used gj]). Thus, we 
have that 

(5-5) (f I 7"^ • ^(sosi,92,...,sp) - <?(si,s2,...,sp)) = 0- 

From the definition of £, we see that (|5.5p holds for all ^ G F* such that i(^) = ^t(gi) if and only 

if s(7"V(909l.92,...,9p) - <?(9i,S2,....9p)) = 0, Or Cquivalcntly, s(^(3o9l,S2...,Sp)) = s('?(si,92,...,ffp))- 

We obtain the desired result by setting go = fff^- '-' 

Conversely, given a map (p : G'-^-' — ?> F, where ^(g^....^g^) G Fg^, satisfying the equation in 
Lemma 15.41 then we may define a linear cochain Lp G Gj'?j^(F*) by equation (j5.3p . Equation 
(15. ip will automatically hold, and the argument in the proof of Lemma WM mav be reversed to 
deduce that (|5.2p holds. In other words, we have the following result: 

Proposition 5.5. The map ip ^^ ip given hy equation (j5.4p is a hijection from Gyg(F) 
to the space of maps (p : G^-^^ — > F, where ^(gi,...,gp) G Fg^, such that s{'P{gi^g2,....gp)) = 
«(^(itte),S2,...,Sp)) for all (51, . . . ,5p) G G^p'> . 
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Now suppose that T is equipped with a (right)-horizontal hft h : s*E -^ T. Given ip G 
Cyg(r), we may then decompose ^ as in p.5|) to obtain an £'- valued G-cochain 1^9^ G Cp~^{G;E) 
and a C-vahied G-cochain ip'~' £ C^{G; G), given by the equation 

Note that ip^ does not depend on gi, as a consequence of Lemma 15.41 

We view the pair (v?-^, v?^) as an element of Gp-^G; E) © Gp(G; G) = G(G; -B G[1])p-i. 
The following result is immediate. 

Theorem 5.6. The map &h '■ 'P ^ {f^ :f ) '-s O'Ti isomorphism of graded right C{G)-modules 
/romGvB(r)[l] toG(G;^©G[l]). 



The isomorphism Q^ in Theorem 15 .61 depends on the choice of horizontal lift and is therefore 
noncanonical. However, given such a choice, we may use Qh to transfer the coboundary operator 
6 on GvB(r) to an operator Vh on C{G\ E © G[l]). The operator Vh satisfies the Leibniz rule 
as a result of Lemma l5.3l and it squares to zero and preserves normalized cochains since 5 does. 
Thus we have the following: 

Corollary 5.7. The operator T>h :— Qh ° {^^) ° 6;7 ''"■ ^(^5 ^ ® C'[l]) is a representation up 
to homotopy of G on the 2-term graded vector bundle E © G[l]. 

The minus sign in the definition of T>h arises from the fact that the isomorphism Qh involves 
a shift in grading. 

In Appendix \A\ we show that the components A*^, A^, d, and fl of the representation up 
to homotopy T>h agree with the formulas given in i j3.3l giving us the following: 

Corollary 5.8. The 4-tuple (A<^, A^, d, fl), as given by formulas ((XTT|) - ((XTi)) . satisfies ipH?]) - 
p.l5p and therefore corresponds to a representation up to homotopy. 

5.3. Dependence of the representation up to homotopy on the decomposition. Let 

F be a VS-groupoid as in p.l|) . We would like to determine how the representation up to 
homotopy P/i changes under a change of horizontal lift. 

Let h and h be two horizontal lifts. Let g £ G and let e £ Eg(^gy Then 's{hg{e)) = J{hg{e)), 
so hg{e) — hg{e) is vertical. We write 

(5.7) hg{e) = hg(e)+ag{e)-Qg 

for a unique element <Jg{e) G Gt(g). We may view cr as a normalized element of G^(G] E -^ G). 
Conversely, given a horizontal lift h and a normalized transformation 1-cochain a G C^{G] E — )■ 
G), we can define a new horizontal lift h by ()5.7|) . Thus, we have proven the following. 

Lemma 5.9. The space of (right) -horizontal lifts is an affine space modeled on the normalized 
subspace of G^ (G; E -^ G). 



Suppose that h and h are two horizontal lifts related by a via ()5.7|) . From ()5.6|) and (|5.7p . 
we can see that the associated "chart transformation" on C{G; E © G[l]) is given by 

(5.8) e^oe-i = i-a, 

where a is the operator associated to a (see Proposition 12. 12p . Therefore, 

(5.9) Vf^ = {l-d)oVho{l+d). 

In light of Proposition [2T4l we see that 2?^ and T>h are gauge-equivalent, and that every element 

of the gauge-equivalence class of Vh appears as V^ for some choice of h. We summarize the 

result as follows: 

Theorem 5.10. Let T be a VB-groupoid as in p.l|) . The set of all representations up to 
homotopy T>h arising from F for different choices of horizontal lift h is equal to exactly one 
gauge- equivalence class of representations up to homotopy of G on C (B E[l\. 
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We can expand (|5.9p and write the components (A*-^, A^, 9, Cl) of I?^ in terms of a and the 
components of Vh, as follows: 

d = d, 

A^ = A^ + agd, 

for ge Gand (51,32) G G^^). 

6. The moduli space of Vf^-GROUPOiDS 

6.1. Construction of a V6-groupoid given a representation up to homotopy. Theorem 
15.101 implies that there is a well-defined map taking isomorphism classes of VS-groupoids to 
gauge-equivalence classes of 2-term representations up to homotopy. In this section, we show 
that this map is bijective. 

Let G =t M be a Lie groupoid, and let 2? be a representation up to homotopy of G on a 
2-term graded vector bundle E © G[l]. Let (A*-^, A^, d, fl) be the 4-tuple corresponding to V 
via Theorem 12.131 

Define a vector bundle Fp — > G as 

Tv :^t*C®s*E^{{c,g,e) : c e Ctig-,, e^E.^g^}. 

We may endow Fp with a Lie groupoid structure over E, defined as follows. The source and 
target maps 's, t : Fp -^ E are given by 

(6.1) s(c,g,e) = e, 

(6.2) t{c,g,e) = dc + Afe. 
It is clear that s is a submersion. Multiplication is given by 

(6.3) (ci,gi,ei) • (02,32,62) :== (ci + A^^C2 - ^^91,9262,5152, 62) , 

when ei = dc2 + A^^e2. 

Given e G E^, the identity over e is le = (0, Ix, e). Finally, the inverse map is given by 

(c,5,e)-i = (^-A^-,c + ng-i^ge,g-\dc + Afe 

Proposition 6.1. With the above structure maps, Tx> ^ E is the total space for a VB-groupoid 
like ([XT]) . 

Proof. All the conditions can be verified by direct computation. We point out the following: 

• The condition i(7i • 72) = i(7i) is equivalent to p.lOp and (|2.12[) . 

• Associativity of the product is equivalent to (|2.11l) and (|2.13p . 

• Equations (I2.14[) and (|2.15p are equivalent to the fact that the identity map 1 we defined 
is indeed an identity. D 

The VS-groupoid F-p has a privileged horizontal lift h : s*E -^ Fp given by h{g, e) — (0, 5, e). 
Using this horizontal lift, we can recover the components d, A^ , A^ , and fl via (|3.11l) - p.l4p . 

On the other hand, suppose that we start with a VB-groupoid F that is equipped with a 
horizontal lift, giving a vector bundle decomposition F ^ t*C © s*E. Then, if d, A'-' , A^ , 
and n are defined by p.lip - (l3.14p . the source target and multiplication maps for F can be 
recovered via (|6.2I) - (|6.3I) . In other words, we have the following: 

Theorem 6.2. There is a one-to-one correspondence between 2-term representations up to 
homotopy and VB-groupoids equipped with horizontal lifts. 

Together, Theorems 15.101 and 16.21 implv the following: 
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Corollary 6.3. There is a one-to-one correspondence between isomorphism classes of 2-term 
representations up to homotopy and isomorphism classes of VB-groupoids. 

Revisiting the analogy with linear algebra described in Figure[Tl we argue that VS-groupoids 
are the intrinsic geometric objects whose algebraic manifestations are 2-term representations 
up to homotopy, in the same way that linear maps are the intrinsic geometric objects whose 
algebraic manifestations are matrices. 

6.2. Classification of regular V;B-groupoids. Recall from §3.31 that the core-anchor d : 
C ^f E associated to a VS-groupoid (13. ip can be defined independently of the choice of a 
horizontal lift (and is therefore canonical). 

Definition 6.4. A V/B-groupoid is called regular if its core-anchor d has constant rank. A 
2-term representation up to homotopy is regular if its core-anchor component d has constant 
rank. 

Clearly, a 2-term representation up to homotopy is regular if and only if it arises from a 
regular VS-groupoid. 

As we have seen in §3.31 one can recover from a V,B-groupoid canonical representations of G 
on K := herd and v := coker9, but in general these bundles are singular. If the V;B-groupoid 
is regular, then K and ly are vector bundles. 

In this section, we classify regular VB-groupoids up to isomorphism. Per Corollary 16. 3[ 
such a classification is equivalent to a classification of the moduli space of regular 2-term 
representations up to homotopy. We begin by considering two special cases of regular VS- 
groupoids. 

6.2.1. VB-groupoids of type 1. 

Definition 6.5. A V;B-groupoid is of type 1 if its core-anchor d is an isomorphism. A 2-term 
representation up to homotopy is of type 1 if its core-anchor component d is an isomorphism. 

We consider how the conditions (|2.10l) - (|2.15p for the components (A*^, A^ ,d, fi) of a 2-term 
representation up to homotopy specialize in the type 1 case. In this case, we may assume that 
C = E and d = 1. Then, from (|?10l) - (f2J2l) and ([2J4l) . we have that A"^ = A^, where A^ is 
a unital quasi-action, and that ^gi.g2 is equal to the "curvature" A^^^^ ~ ^gi^g2 ^^ ^^ ■ ^^ 
this case, (|2.15p and the "Bianchi identity" (|2.13l) are automatically satisfied. 

The representations up to homotopy of the type that we have just described are exactly 
those that arise from V;B-groupoids of the form in Example 13.151 Using Corollary 16. 3[ we 
conclude the following. 

Proposition 6.6. Every VB-groupoid of type 1 is isomorphic to a VB-groupoid of the form in 
Example \3.15\ 

6.2.2. VB-groupoids of type 0. 

Definition 6.7. A V;B-groupoid is of type if its core-anchor d is the zero map. A 2-term 
representation up to homotopy is of type if its core-anchor component d is the zero map. 

We consider how the conditions (|2.10[) ~ (|2.15p for the components (A*^, A-^, 9, fi) of a 2- 
term representation up to homotopy specialize in the type case. In this case, i9 = and 
([2?T0l) holds automatically. Equations ([2lT|) . (|2?T2l) . and (fTTi]) say that A*^ and A^ are 
representations of G on C and E, respectively. Then we may interpret (|2.13p and (I2.15P as 
saying that 17 G C^ (G; E -^ C) \s normalized and closed with respect to the differential D from 

(EID. 

Next, we consider how a representation up to homotopy of type transforms under a gauge 
transformation l-\-a, where cr is a normalized element of C'^{G] E ^- C). From (|5.10p . we have 
that the representations A and A^ are invariant, while Vt changes by an exact term: 

(6.4) VL = Vl-D(j 
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We make the following conclusions: 

Proposition 6.8. 

(1) A type representation up to homotopy ofG on EQ)C[1] is given by a triple (A*^, A^, ft), 
where A^ and A^ are representations of G on C and E, respectively, and il £ 
C^ (G; E ^ C) is normalized and closed with respect to the differential (j2.7p . 

(2) Two such triples {A^ , A^ , ft) and {A^ , A^ , Ct) are gauge- equivalent if and only if A'~'' = 
A^' , A^ — A^ , and fl is cohomologous to Ct. 



By Corollarv l6.31 we then have the following: 



Corollary 6.9. Type VB-groupoids like (j3.ip with core C are classified up to isomorphism 

by triples (A'^, A-^, [il]), where 

• A is a representation of G on C, 

• A^ is a representation of G on E, 

• [J7] is a cohomology class in H^{G;E -^ G). 



Remarks 6.10. 

(1) The cohomology H{G\ E ^ G) depends on the representations A*^ and A^. In defining 
the cohomology class [J7], we have used the fact that, in the type case, A*-^ and A^ 
are gauge-invariant. 

(2) The cochains Jl appearing in the above analysis are always normalized. The conclusion 
in Corollary 16.91 uses the fact that the complex G{G;E — > C) retracts to the subcom- 
plex of normalized cochains. The proof given by Eilenberg and Maclane [4] for group 
cohomology can be easily adapted to the present context. 

(3) The cohomology class [f!] in can be interpreted in terms of Lie groupoid extensions, 
as follows. Given a representation A^ of a Lie groupoid G ^ M on a vector bundle 
E —> M, we may form the action groupoid G* E ^ E associated to the representation 
A^ (see Example I3.16P . A representation A*^ of G on another vector bundle G ~> M 
naturally induces a representation oi G * E on q*G. Then we may directly identify the 
complexes G{G; E -^ G) and G{G * E; q*G). In particular, H'^{G; E -^ G) is identified 
with H^{G * E\ q*G), which classifies extensions (compatible with A*^) of G * iJ by the 
abelian group bundle q*G. On the other hand, if F is a type VS-groupoid, then F 
itself is an extension of G * £' by q*E, classified up to isomorphism by the cohomology 
class [n]. 

6.2.3. The general case. Given two VS-groupoids 

Fi ^^ El Fa ^^ E2 



G — r M G — r M 

over the same Lie groupoid G, we can form the direct sum V,B-groupoid 

Fi ©G r2 ^^: El ®M E2 



G i :M 

Note that the core of Fi F2 is the direct sum of the cores of Fi and F2. 

Lemma 6.11. Given a regular VB-groupoid T, there exist unique (up to isomorphism) VB- 
groupoids Fo of type 0, and Fi of type 1, such that F is isomorphic to Fq ® Fi. 
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Proof. Let F be a regular VS-groupoid as in p.l|) . Let K :— ker9, F := ini9, and i' := coker9. 
As a result of the regularity condition, we have that K, F, and v are all vector bundles that 
fit into the short exact sequences 

K ^C ^F , 

(6.5) 

F ^ E ^i' . 



We choose splittings of the sequences (|6.5|) , giving isomorphisms 

C^K®F 
(^■^) E^.^F 

Next, we make a choice of horizontal lift for F. After making such a choice, we have by Theorem 
16.21 that the VS-groupoid structure of F is completely described by a 4-tuple (A*^, A-^,9, fi). 
Each of the components may be written in "block-matrix" form with respect to the direct 
sums in ()6.6p . In particular, the block form of 9 is ( [] ? ). The other three components are not 
block-diagonal a priori; however, it is possible to simultaneously block-diagonalize A*-^ and A-^ 
via a gauge transformation, giving them the form 

A-.r^; '] A- ^^^ 



^ A^; " - I A^ 

Here, A^ and A" are the canonical representations of G on K and v, respectively, and A^ is 
a quasi-action on F that does depend on the gauge. From (|2.11|) - (|2.12p . we then see that il 
takes the form 

where R^ is the curvature of A^. This proves that, for an appropriate choice of horizontal lift, 
the associated representation up to homotopy can be decomposed as the direct sum of a type 
representation up to homotopy on j/ © ^[1] and a type 1 representation up to homotopy on 
F © F[l]. Thus we have the existence of a decomposition of the form asserted by the Theorem. 
For uniqueness of Fq and Fi up to isomorphism, we use the classification of type and type 1 
Vi3-groupoids in Corollarv l6.9l and Proposition l6.6l As a type 1 VS-groupoid, Fi is determined 
up to isomorphism by the vector bundle F. As a type V;B-groupoid, Fq is determined up to 
isomorphism by the representations A'' and A^ and the cohomology class [w] £ H^{G; v — > K). 
Both A'' and A^ are canonical, and it can be seen that the cohomology class [w] is independent 
of the choices. D 

The following result is immediate from Proposition 16.61 Corollarv 16.91 and Lemma l6.111 

Theorem 6.12 (Classification of regular VS-groupoids). A regular VB-groupoid is described, 
up to isomorphism, by a unique tuple {M,G,E,C,d,A^,A'^, [w]), where 

• M is a manifold, 

• G ^ M is a Lie groupoid, 

• E ^f M and G — > M are vector bundles, 

• d : G -^ E is a morphism of vector bundles, 

• A^ is a representation of G on K := ker9, 

• A"^ is a representation of G on v := cokerQ, 

• [u] is a cohomology class in H^{G]v -^ K). 

7. Example: the "adjoint representation" 

7.1. Lie groupoids over orbits. Let G =^ M be a Lie groupoid. For x E AI, the orbit 
through X is Ox ■— t{s^^{x)). If the s-fibers of G are connected, then Ox is the leaf through x 
of the integrable distribution i^ := imp C TM, where p : A ^>- TM is the anchor map for the 
Lie algebroid A of G. We may restrict G to a (immersed) Lie subgroupoid G\o^ ^ Ox, where 
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G\o^ '■— s^^{Ox)- On the other hand, it is clear that the disjoint union of G\o^ (taken over aU 
distinct Ox) is isomorphic to G as a set-theoretic groupoid. Intuitively, we should be able to 
recover the Lie groupoid structure of G from "gluing data" for how the orbits and restricted 
groupoids fit together, but it is not immediately clear how to make precise the notion of "gluing 
data" . 

7.2. Bundles of Lie groups. Suppose that G =^ M is a Lie groupoid where s = i, so that 
G is a bundle of Lie groups over M . In this case, each orbit consists of a single point x S M, 
and in particular, the anchor map p is zero, so TG is a VS-groupoid of type 0, as described in 
g6T2l 

Let h : G Xm TM — > TG be an Ehresmann connection for G ^f M . Since the representation 
of G on TM is trivial in this case, the formula for D, in ()3.14|) simplifies slightly: 

^(91,92)^ = (VS2(«) - hg^{v) ■ hg^{v)) • 0(g,g,)-l 

for gi,g2 G Gx and v ^ TxM. In other words, fi measures the infinitesimal failure of parallel 
transport by h to induce homomorphisms of the fibers. It is possible to choose h such that fi 
vanishes if and only if G is locally trivializable as a Lie group bundle. Therefore, the cohomology 
class [Q] can be viewed as an obstruction to such local trivializability. 

7.3. Regular Lie groupoids. Let G =t M be a regular Lie groupoid, that is a Lie groupoid 
whose associated anchor map p : A — > TM is of constant rank. The classification result of The- 
orem 16.121 asserts that the VS-groupoid TG can be completely described up to isomorphism 
by the canonical representations A^ and A"^ of G on X := kerp and i/ := cokerp, respec- 
tively, and a cohomology class [w] G H^{G;iy -^ K). In this section, we will give a geometric 
interpretation of the class [w] . 

Let a; be a point in M . To avoid potential technical issues, we will assume that the orbit 
space is nice near Ox] specifically, we assume that the quotient M/ ^^j where points in the 
same orbit are identified, has a smooth structure near Ox such that Ox is a regular value of 
the quotient map. As a result of this assumption, we have that the quotient map induces an 
isomorphism between Vy and Tq_^[M/ r^) for all y G Ox^ and therefore any v ^ Vx can be 
canonically extended to a section v oi v\q_^. 

Suppose that we have chosen splittings TM k v ® F and A^i K (B F, where F = \nip, and 
an Ehresmann connection h : s*{TA'I) — > TG such that the quasi-actions A^-'^ and A"^, as 
well as the 2-cochain fi, are block-diagonal with respect to the chosen splittings. The existence 
of such an h is part of the proof of Lemma 16.111 Because of block-diagonality, we have that 
A^*^|,y — A", and one can see that A^w = Vt(g) for any v € Vx and g € s~^{x). We may then 
express the formula for uj = Q\,^ as 

for V £ Vx and (gi, (72) G G*-^-* such that 3(52) = x. In other words, lo measures the infinitesimal 
failure of parallel transport by h in the normal directions to give isomorphisms of the restricted 
groupoids G\o^- 

We may give a more simple intepretation in the nicest case, where the orbit space is smooth 
and the quotient map M -^ Mj ~ is a submersion. In this case, we may think of G as a "bundle 
of transitive Lie groupoids" over Mj ~, where the fiber over Ox G Mj ^ is the Lie groupoid 
G\o^- It is possible to choose h such that w vanishes if and only if this bundle of transitive 
Lie groupoids is locally trivializable (so a "transitive Lie groupoid bundle"). Therefore, the 
cohomology class [w] can be viewed as an obstruction to such local trivializability. 

8. Fat category/fat groupoid 

In [5], Evens, Lu, and Weinstein observed that the 1-jet prolongation groupoid J^G of a Lie 
groupoid G ^ M, consisting of 1-jets of bisections, carries natural representations on the Lie 
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algebroid A oi G and on TM. They noted that, ahhough these representations do not pass 
to representations of G on yl and TM, there is a sense in which they induce a "representation 
up to homotopy" (defined differently from that of Arias Abad and Crainic T ) on the complex 
A 4 TM. 

In this section, we describe a construction for VS-groupoids that generalizes the 1-jet pro- 
longation groupoid. Namely, given a VS-groupoid T as in (jSHJ, we construct a Lie groupoid 
t/(r) -^ M, with canonical representations on C and E, such that G(r) = J^G when F = TG. 
As a way of clarifying the relationship between Arias Abad-Crainic representations up to ho- 
motopy and the Evens-Lu-Weinstein representation up to homotopy, we briefly explain how 
our representation up to homotopy construction can be reproduced in terms of ^(r). 

8.1. The fat category. Let F be a V;B-groupoid as in p.ip . The fat category C(F) associated 
to F consists of pairs {g,H), where g E G and 7? C Fg is a subspace transverse to the right- 
vertical subspace Vl^ (see Definition l3.6|) . There is an obvious projection map C(F) -^ G, where 
the fiber over g e G is an affine space modeled on }ioin{Estg\,Ctig\). Thus, C(F) is a smooth 
manifold. 

As the name suggests, C(F) has the structure of a Lie category, where the source and target 
maps factor through the projection C(F) -^ G and the multiplication is given by {gi,Hi) ■ 
{.92, H2) = {gig2,HiH2), where 

H1H2 = {vi ■ V2 ■■ Vi £ Hi and s(ui) = t{v2)}. 

If {g,H) is invertible, then its inverse is simply [g'^ ,H''^). On the other hand, {g,H) is 
noninvertible exactly 
be transverse to Vi'. 



noninvertible exactly when H ^ fails to be transverse to V^i or, equivalently, when H fails to 



a 



8.2. The fat groupoid. The fat groupoid 5(r) associated to F consists of all invertible el- 
ements of C(r), i.e. pairs {g,H), where g € G and H C Tg is a subspace transverse to both 
V^ and Vl". The elements of 5(F) form an open subset of C{T), so ^(F) naturally inherits a 
smooth Lie groupoid structure. 

In the case where F = TG, the fat groupoid 5(F) is the same thing as the 1-jet prolongation 
groupoid J^G. 

8.3. Representations of the fat category/fat groupoid. The fat category has canonical 
Lie category representations tp'^ and i/j^ on the vector bundles C and E, respectively, defined 
as follows. 

Let {g,H) G C(F), and let e e Eg/g\. Then ipP ^..e = t{v), where v is the unique vector in 
H such that 's{v) = e. 

Now let c £ C's(g)- Then V'p ^^c — v ■ c ■ Og-i, where v is the unique vector in H such that 
J{v)=t{c). 

The core-anchor d : C -^ E is given by d{c) = t{c). The representations 4'^ and -0^ are 
related by the core-anchor: dtp^ — tp^d. 

The representations tp^ and ip^ restrict in the obvious way to produce Lie groupoid repre- 
sentations of the fat groupoid, which we will also denote as ip'^ and ip^ . 

8.4. Sections and representations up to homotopy. We would like to pass the canonical 
representations tp"^ and tp^ of 5(F) to G. The obvious way to do so would be to choose a 
section of the projection map 5(F) -^ G and then use the section to pull 4'^ and tp^ back to 
G. However, such a section does not always exist globally. On the other hand, global sections 
do always exist for the projection C(F) -^ G; indeed, such a section is equivalent to a section 
of the short exact sequence (|3.4p . 



28 ALFONSO GRACIA-SAZ AND RAJAN AMIT MEHTA 

We may impose the additional requirem.ent that a unit Ix hft to {lx,l{Ex)). Sections of 
C(T) -^ G satisfying this requirement are in one-to-one correspondence with right-horizontal 
lifts of r. In particular, given a right-horizontal lift h : s*E -^ F, the map g ^^ g '■— 
{g,hg{Es(^g^)) is a section of C(r) — >• G. If we use this section to pull the representations 
tp^ and tp^ back to G, we immediately recover the formulas p.l2p - (|3.13p for the core and side 
quasi-actions. 

In general, we can't expect the lift g t-^g to respect multiplication, which is why A*^ and A^ 
are only quasi-actions and not representations. The failure of the lift to respect multiplication 
is measured by ^152 — gl ■ g2, which corresponds to ri^^ g^ G IIom(i?s(gj), Ct{g^))- 

Appendix A. Derivation of the representation up to homotopy formulas 

A.l. Horizontal lifts and dual pairings. Let F be a VS-groupoid. Throughout this section, 
we will assume that F has a fixed right-horizontal lift h : s*E -^ F. Thus, by p.Sp . any 7 G F^ 
may be uniquely written as 

where ^^ = 's{"f) G Eg(^g^ and 7^ G G^^ -,. We refer to 7^ and ^^ ^ respectively, as the vertical 
and horizontal parts of 7. Similarly, any ^ G F* may be uniquely written as 

where S," = t{£) G Cj*^) and f^ G S^^^^, with E* identified with the left-cove of F*. Here, 
T] : t*C* —>■ T* is the left-horizontal lift given by the equation 

(A.l) (,7sM I 7) = (H l"") 

for I' G C^, s and 7 G Fg. Equation (jA.ip defines a one-to-one correspondence between right- 
horizontal lifts on F and left-horizontal lifts on F*. We also have the following equation, which 
is a consequence of the fact that the natural embedding s*E* -> F*, {g, r) i~> 6g • r, is the dual 
of the projection F -^ s*E, 7 1-^ (9(7), 7^): 

(A.2) (Og.r|7) = (r|7^)- 

Together, (jA.ip and (|A.2p allow us to express the pairing of 7 and ^ as 

(A.3) {^\^}^{^v\^^) + {^"\^V}. 

In particular, horizontal elements of F* annihilate horizontal elements of F, and vertical ele- 
ments of F* annihilate vertical elements of F. 

We conclude the section with two lemmas that will be useful in i ]A.21 

Lemma A.l. For any ■? G F* and c G C^tn)! 

im I c) = ie I -m + (e^ i hg(tic)) ■ c-Og-.). 

Proof. From the definition of s in (|4.3p , we have 

(^(e)|c) = (eiOg.(-c-i)), 

which may be decomposed via (|A.3I) . The horizontal part of Og • {—c~^) is 's{Og ■ {~c~^)) — 
^(—c^^) = — i(c). To obtain the vertical part, we subtract the horizontal lift of the horizontal 
part: 

(Og.(-C-l)).Og-Og-(-C-l)+/lg(f(c)) 

^Og-i-C~')+hg{t{c))-U{c) 

= (Og + V(c))-(-C-l + li'(c)) 

= hgt(c) ■ c. 
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In the last line, we have used p.9|) . Thus the vertical part of Og • (— c~^) is hg{t{c)) ■ c ■ Og-i, 
and the result follows from (|A.3|) . D 

Since F — (F*)*, we may dualize Lemma lA.ll bv exchanging C and E* , F and F*, left and 
right, left multiplication and right multiplication, and source and target. The dual statement 
is as follows: 

Lemma A. 2. For any 7 G F^ and t G E*,^^ (where E* is embedded in F* as the left-core), 

(r I 1(7)) = i-Hr) I l'') + (Og-i ■ r ■ ryg(^(r)) | 7^). 

A. 2. Formulas for representation up to homotopy components. We wish to obtain 
formulas for the four components A*^, A^, d, and ft that make up the representation up to 
homotopy V^ in Corollary 15.71 We can do this by applying Vh to 0-cochains a G F(C) — 
C°{G;C) and e G F(i?) = C^{G;E), and decomposing the resulting cochains into C- and 
i?- valued parts, as follows: 

(A.4) Vha = D^a + da, 

(A.5) VhE ^VLe + D^e. 

First, we will use (jA.4[) to derive formulas for A*-^ and d. By alternatively viewing a as a 
section of C and as a linear function on C*, we may write 0^ a = a, and therefore we have 
Vha ~ —Qh ° Soi. Using (|2.8p . (|5.3p . and (|5.6p . we obtain the equation 



(A.6) (^ I (at(g) - A^a^(g)) -Og + hg- da.^g-,) = ~Sa{0 

for ^ G F* If we set ^ = Og • r for r G E*, ^, then by (jA.2[) and Lemma [A. II we have 

(r I <9as(g)) = -(5a(0g-T) 

= -a(s(Og • r)) + a(i(Og • r)) 

= -(s(t) I "^(g)) 

= {t \t{a,(^g))), 

so, setting Q^sfg) = c, we obtain the same formula as (13.111) . 

On the other hand, if we set ^ = rig{i') for v G C*, ^ in equation (|A.6[) . then by (jA.l[) and 
Lemma lA. II we have 

{ly I at(g) - A^a,(g)) = --Sa{rjg{v)) 

= -a(s(?7g(j^))) +a(t(r7g(z^))) 

= -(sC^C'^)) I as(g)) + (i' I at^g)) 

= -(^ I hg{t{a,,(^g))) ■ a^^g) • Og-l) + ( I^ | Ut^g)), 

so, setting as(g) — c, we obtain the same formula as p.l2p . 

Next, we will use (JA.SP to derive formulas for Q, and A^. For e G F(£^), equations ()5.3p and 
(|5.6p imply that 6^^e is given by 

(A.7) e,;ie(0 = (C I hg{e,(g))) 

for C e r*. Using ((2^ . ((O)) . and (jO)) . we obtain the equation 

(A.8) (Ci I ^te,<,.)£.te) -Og, + V(Af^e,(g,) -£t(g,))) - -'5(e,7ie)(ei,6) 

for (a, 6) G (r*)(gl,g,)- If we set ^ = Og, • r for r G -B:(g^), then by ^EM we have 

(A.9) (r I Af^e,(g,) - e,(g,)) = -<5(e7i£)(Og, • r, 6)- 
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On the right side of (|A.9j) . we are free to pick any ^2 £ T*^ such that t(^2) = s(r), so we take 
£.2 = Vg2{^{T))- Then, by (|X3t . (|X7| . and Lemma 1X2] we have 

= - e,;^e(?7,, (s(r))) + e,;ie(03, • r • 7?,, (s(r))) - e^^e^, • r) 
= - {Vg2isir)) I ^32(es(g2))) + (Ogi ' ^ ' 'ygsCsW) I ^3132 (esfe))) 

- (Ogi -T I ^3i(es(3i))) 

so, setting £3(32) = ^ ^^I'i ff2 = 9, we obtain p.l3p . 

On the other hand, if we set fi = rjg-^ (ly) for i/ G C^V >, then by (lA.ip we have 

i" I ^(9i,s2)es(s2)) = -'5(6^^£)(%i(i^),6)- 
As above, we are free to pick any ^2 6 r*^ such that {(^2) = S{7]g^{i')), so we take ^2 = 
Vg2{K'ngi{v)))- Then by (IA.3P and (|A.7|) we have 

(^ I ^{gug2)£s(g2)) = - SiQh^£)iVgiM,Vg2(.siVgii'')))) 

= - ('7s2(s(»73l('^))) I hg^i£s{g2))) 

+ {VgiM-Vg2isiVgiM)) I V92(£s(32))) 
- iVgiM I V(e^(si))) 
= -0 + (%i(t^) ■Vg2iHVgiM)) I /isiS2(es(s2))) ^ 0- 
If we add the term 

{Vgig2i'^) -VgiM •%2(s(%iM)) I hg,g^{es{g^)) ~ hg,(t{hg^{e,(^g,_-)))) -hg^iesig^))), 
which is equal to zero since both sides of the pairing are vertical, we obtain the equation 
{'^ I ^(si,32)£s(s2)) = (%i92('^) I V92(es(s2)) - hg^{t{hg^{es{g^-)))) ■ hg^{es(g^))) 

= (^ I {hgig2{£s{g2)) - hgAt{hg2{£s(g2)))) ■ hg2{£s(g2))) •0(sig2)-i)' 

so, by setting £^(92) ~ ^j ^'^ obtain p.l4p . 
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